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TECHNICAL MEMORANDUM X-53288 
DETERMINATION OF AERODYNAMIC FORCE AND HEAT TRANSFER PROPERTIES FOR A 
CONCAVE HEMISPHERICAL SURFACE I N  FREE MOLECULE FLOW 
Clarence Ray Wimberly 
ABSTRACT 
The methods and equat ions a r e  presented f o r  the aerodynamic f o r c e  
The e f f e c t  of m u l t i -  
and h e a t  t r a n s f e r  p r o p e r t i e s  of a concave hemispherical  s u r f a c e  a t  an 
a r b i t r a r y  ang le  of a t t a c k  i n  f r e e  molecule flow. 
p l e  r e f l e c t i o n s  is taken i n t o  account by assuming a cos ine  d i s t r i b u t i o n  
a f t e r  each c o l l i s i o n .  It is assumed t h a t  t he  emission of molecules from 
t h e  s u r f a c e  is pu re ly  d i f f u s e ,  and t h a t  t h e  r e f l e c t i n g  molecules a re  
p e r f e c t l y  accommodated t o  the su r face  cond i t ions .  The r e s u l t i n g  equat ions 
a r e  n o t  i n  c losed form, b u t  have been solved numerical ly  f o r  some t y p i c a l  
va lues  of t he  molecular speed r a t i o  and surface-to-ambient-temperature 
r a t i o .  It is  found t h a t  under the  above cond i t ions  t h e  h e a t  t r a n s f e r  
c h a r a c t e r i s t i c s  a r e  the  same as those of a convex hemisphere. 
i s  increased s l i g h t l y  over i t s  coun te rpa r t ,  whi le  t he  t o t a l  l i f t  is 
shown t o  be ve ry  small and would be zero except  f o r  i n t e r r e f l e c t e d  
molecules .  
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D e f i n i t i o n  
s u r f a c e  a r e a  of hemisphere (flD2/2> 
r e f e r e n c e  a r e a  (fiD2/4) 
thermal accommodation c o e f f i c i e n t  
aerodynamic drag c o e f f i c i e n t  
aerodynamic l i f t  c o e f f i c i e n t  
s p e c i f i c  h e a t  a t  cons t an t  p re s su re  
h e a t  t r a n s f e r  c o e f f i c i e n t  
s p e c i f i c  h e a t  a t  cons t an t  volume 
r e l a t i v e  s u r f a c e  v e l o c i t y  i n  the  x - d i r e c t i o n  
r e l a t i v e  s u r f a c e  v e l o c i t y  i n  the y - d i r e c t i o n  
r e l a t i v e  s u r f a c e  v e l o c i t y  i n  the z - d i r e c t i o n  
aerodynamic drag and s u r f a c e  diameter  
d i s t a n c e  between two d i f f e r e n t i a l  s u r f a c e  elements 
energy due t o  i n c i d e n t  molecular  f l u x  
energy due t o  r e f l e c t e d  molecular  f l u x  
energy due t o  molecules r e f l e c t i n g  a t  the w a l l  temperature 
Maxwell' s v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n  
ang le  f a c t o r  
Bo1 tzmann' s cons t a n t  
molecular weight 
t o t a l  molecular i n c i d e n t  f l u x  
t o t a l  r e f l e c t e d  molecular f l u x  a t  t he  w a l l  temperature 
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D e f i n i t i o n  
molecular d e n s i t y  
t o t a l  p r e s s u r e  on a d i f f e r e n t i a l  s u r f a c e  element 
p re s su re  on a s u r f a c e  element due t o  the  f r e e s t r e a m  
i n c i d e n t  and r e f l e c t e d  molecular f l u x  
p r e s s u r e  i n  r eg ion  I 
p res su re  i n  r eg ion  I1 
pres su re  due t o  i n c i d e n t  f r ees t r eam molecular f l u x  
p res su re  due t o  r e f l e c t e d  f r ees t r eam molecular  f l u x  
p r e s s u r e  due t o  r e f l e c t e d  f r e e s  tream molecular  f l u x  a t  
t he  w a l l  temperature 
l o c a l  h e a t  t r a n s f e r  t o  the  s u r f a c e  per  u n i t  time and a r e a  
average h e a t  t r a n s f e r  to the  s u r f a c e  
gas cons t an t  
r a d i u s  of hemisphere 
r a t i o  of the f r e e  stream v e l o c i t y  and t h e  most probable 
molecular speed 
molecular speed r a t i o  a t  w a l l  temperature 
molecular temperature i n  f r e e s  tream 















DEFINITION OF SYMBOLS (Continued) 
D e f i n i t i o n  
s u r f a c e  f r e e s  tream v e l o c i t y  
mo 1 e cu l a  r v e 1 o c i t y  
s u r f a c e  ang le  of a t t a c k  
ang le  of i n t e g r a t i o n  
r a t i o  of s p e c i f i c  hea t s  ( C  / C  ) 
P V  
element ang le  of a t t a c k  
angle  of i n t e g r a t i o n  
cons t an t  (3.14159) 
mass d e n s i t y  
r e f l e c t i o n  c o e f f i c i e n t  due t o  s h e a r  s t r e s s e s  
r e f l e c t i o n  c o e f f i c i e n t  due t o  p re s su res  
shea r  s t r e s s  due t o  i n c i d e n t  mass f l u x  
shea r  s t r e s s  due t o  r e f l e c t e d  mass f l u x  
d i r e c t i o n  ang le  f o r  d i f f u s e  emission from element 1 
d i r e c t i o n  ang le  f o r  d i f f u s e  emission from element 2 
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DETERMINATION OF AERODYNAMIC FORCE AND HEAT TRANSFER PROPERTIES FOR A 
CONCAVE HEMISPHERICAL SURFACE I N  FREE MOLECULE FLOW 
SUMMARY 
An a n a l y s i s  of a concave hemispherical  s u r f a c e  i n  f r e e  molecule flow 
is  presented where t h e  s u r f a c e  i s  or iented a t  an  a r b i t r a r y  ang le  of a t t a c k .  
General equat ions a r e  formulated for  the l i f t ,  d rag ,  and h e a t  t r a n s f e r  
c o e f f i c i e n t s .  The e f f e c t  of mu l t ip l e  r e f l e c t i o n s  i s  taken i n t o  account 
by assuming a completely d i f f u s e  r e f l e c t i o n  process  where molecules a r e  
d i s t r i b u t e d  equa l ly  i n  a l l  d i r e c t i o n s  a f t e r  each r e f l e c t i o n .  The mole- 
cu le s  a r e  assumed t o  obey Maxwell's v e l o c i t y  d i s t r i b u t i o n  l a w  be fo re  and 
a f t e r  c o l l i s i o n s ,  r e f l e c t i n g  d i r e c t i o n a l l y  i n  a cosine d i s t r i b u t i o n .  It 
i s  f u r t h e r  assumed t h a t  t he  r e f l e c t i n g  molecules a r e  p e r f e c t l y  accommoda- 
ted t o  the s u r f a c e  cond i t ions .  The r e s u l t i n g  equat ions a r e  no t  i n  closed 
form, b u t  have been solved numerically f o r  some t y p i c a l  va lues  of the 
molecular speed r a t i o  and surface-to-ambient-temperature r a t i o .  I t  is 
found t h a t  under the  above condi t ions the h e a t  t r a n s f e r  c h a r a c t e r i s  t i c s  
a r e  the  same as those of a convex hemisphere. The drag is increased 
s l i g h t l y  over i t s  c o u n t e r p a r t ,  while the t o t a l  l i f t  is  shown t o  be very 
small and would be ze ro  except  f o r  i n t e r r e f f e c t e d  molecules.  Maximum 
drag and h e a t  t r a n s f e r  occur a t  zero a n g l e  of a t t a c k ,  dec reas ing  t o  zero 
a t  n i n e t y  degrees ang le  of a t t a c k .  The l i f t  is  a f u n c t i o n  only of i n t e r -  
r e f l e c t e d  molecules and is  zero a t  zero and n i n e t y  degrees  a n g l e  of a t t a c k ,  
I, INTRODUCTION 
With the advent of o r b i t a l  s a t e l l i t e s  and space v e h i c l e s ,  ana lyses  
of the aerodynamic f o r c e  and h e a t  t r a n s f e r  p r o p e r t i e s  of t hese  bodies  and 
v e h i c l e s ,  i n  t h e  high a l t i t u d e ,  low d e n s i t y  flow regime have become 
necessary.  The complexity of t he  body shapes,  and the  p e c u l i a r i t i e s  of 
I 2 
t he  mqlecular i n t e r a c t i o n s  w i t h  s u r f a c e s  i n  the flow have introduced 
i n t e r e s t i n g  a spec t s  t o  ana lyses  i n  t h i s  flow regime by imposing the 
n e c e s s i t y  of consider ing va r ious  c o n t r i b u t i o n s  of the momentum and energy 
imparted t o  the body by the  impinging and r e -emi t t i ng  molecules.  Ac tua l ly ,  
much work has been done i n  determining the aerodynamic p r o p e r t i e s  of f l a t  
and convex bodies i n  f r e e  molecule flow wi th  experimental  v e r i f i c a t i o n ,  
b u t  l i t t l e  has been done i n  determining these  p r o p e r t i e s  f o r  concave bodies  
t h a t  c r e a t e  a molecular m u l t i - r e f l e c t i o n  process .  This paper i s  con- 
cerned w i t h  the determinat ion of t he  aerodynamic p r o p e r t i e s  of a concave 
hemispherical  s u r f a c e  a t  va r ious  ang le s  of a t t a c k  i n  t h i s  h igh  a l t i t u d e ,  
f r e e  molecule flow regime. 
By d e f i n i t i o n ,  the f r e e  molecule flow regime i s  a gas r eg ion  of 
extreme r a r e f a c t i o n  where c o l l i s i o n s  between molecules a r e  much l e s s  
probable than a r e  c o l l i s i o n s  between the  molecules and a s u r f a c e  i n  the  
flow, Because of t h i s  molecular freedom, the  gas does not  behave as a 
continuous f l u i d ,  b u t  r a t h e r  performs i n  accordance w i t h  i t s  complex 
molecular s t r u c t u r e  def ined by the kine t i c  theory of i d e a l  gases .  
B r i e f l y ,  t h i s  , theory is a s t a t i s t i c a l  d e s c r i p t i o n  of molecular motion, 
i nc lud ing  the impact e f f e c t  w i t h  o the r  bodies i n  the flow. 
theory and Newton's laws of motion, va lues  f o r  the f o r c e  and h e a t  t r a n s f e r  
p r o p e r t i e s  imparted t o  a concave hemispherical  s u r f a c e  submerged i n  the 
flow have been determined and a r e  presented h e r e .  The equat ions were 
der ived by t r e a t i n g  the flows of i n c i d e n t  and r e -emi t t ed  molecules 
s e p a r a t e l y ,  where t h e  i n c i d e n t  flow c o n s i s t s  of the f r ees t r eam and r e f l e c t e d  
molecules.  It is t h e  i n c l u s i o n  of t h i s  a d d i t i o n a l  i n c i d e n t  f l u x  c rea t ed  
by the concavity of the s u r f a c e  t h a t  causes the i n t e r e s t i n g  a s p e c t s  of 
t h i s  inves t iga t ion. 
From t h i s  
c 
11. PREVIOUS WORK 
The fundamental concept of the f r e e  molecule gas flow a n a l y s i s  per-  
formed h e r e  is based on textbooks by Jeans [ l ] ,  Loeb [ 2 ] ,  and P a t t e r s o n  
[ 3 ] ,  t he  paperback by Schaaf and Chambre [4], and t h e  paper by Oppenheim 
[ 5 ] .  The methods employed i n  the  a n a l y s i s  of f r e e  molecule flow over 
non-convex s u r f a c e s  a r e  presented i n  t he  book by Jakob [ 6 ] ,  and the 
papersby Chahine [ 7 ] ,  Sparrow [81, and P r a t t  [9] .  
The fundamentals of p a r t i c l e  dynamics and the k i n e t i c  t heo ry  of 
gases  , i nc lud ing  v e l o c i t y  d i s t r i b u t i o n s  p re s su res  h e a t  conduction 
and i n t e r a c t i o n  e f f e c t s  a r e  f u l l y  discussed wi th  d e r i v a t i o n s  i n  the  
textbooks by Jeans [ l]  and Loeb [2] .  Using these  fundamentals,  P a t t e r s o n  
[ 3 ]  and Schaaf and Chambre [ 4 ]  derived the means f o r  r e p r e s e n t i n g  the  
f o r c e  and h e a t  t r a n s f e r  p r o p e r t i e s  f o r  a d i f f e r e n t i a l  s u r f a c e  element 
and f o r  a few f l a t  and convex bodies.  P a t t e r s o n  [3]  l i m i t e d  h i s  
i n v e s t i g a t i o m t o  the  drag and h e a t  t r a n s f e r  p r o p e r t i e s  of a c y l i n d e r  
i n  f r e e  molecule helium and discussed some e f f e c t s  of Knudsen number on 
h e a t  t r a n s f e r .  Schaaf and Chambre [ 4 ]  summarized t h e  p e r t i n e n t  equa- 
t i o n s  i n  d e r i v i n g  the  aerodynamic fo rce  and h e a t  t r a n s f e r  p r o p e r t i e s  
f o r  a f l a t  p l a t e ,  c y l i n d e r ,  and sphere.  Also included were d a t a  f o r  t he  
d rag  c o e f f i c i e n t ,  l i f t - t o - d r a g  r a t i o ,  recovery f a c t o r  and S tan ton  number 
f o r  t h e  f l a t  p l a t e  a t  ang le s  of a t t a c k ,  and f o r  the drag c o e f f i c i e n t ,  
recovery f a c t o r  and S tan ton  number f o r  the c y l i n d e r ,  and sphe re ,  each 
p l o t t e d  as a f u n c t i o n  of the molecular speed r a t i o .  Oppenheim [5]  d i s -  
cusses  i n  d e t a i l  t he  d e r i v a t i o n  and  a p p l i c a t i o n  of the convect ive h e a t  
t r a n s f e r  equat ions t o  bodies  i n  f r e e  molecule flow. He included s p e c i f i c  
equat ions and d a t a  f o r  t he  h e a t  t r a n s f e r  p r o p e r t i e s  t o  f l a t  p l a t e s ,  
c y l i n d e r s  , -semicyl inders  , sphe res ,  and hemispheres, 
I 
Jakob [ 6 ] ,  i n  Chapter 31, d i scusses  d i f f u s e  r a d i a t i o n  between two 
s u r f a c e s  of a r b i t r a r y  o r i e n t a t i o n .  The r e s u l t s  of h i s  d i scuss ions  and 
d e r i v a t i o n s  produce an  equat ion r ep resen t ing  t h e  f r a c t i o n  of energy 
emi t t ed  from one s u r f a c e  t o  another .  Chahine [ 7 ] ,  Sparrow [8], and 
3 
P r a t t  [91 used t h i s  i n  determining the f o r c e  and h e a t  t r a n s f e r  p r o p e r t i e s  
of concave s u r f a c e s .  Chahine [7] determined the f o r c e  and h e a t  t r a n s f e r  
p r o p e r t i e s  f o r  i n f i n i t e  concave c y l i n d e r s  and f o r  concave s p h e r i c a l  
segments; however, he l i m i t e d  h i s  i n v e s t i g a t i o n s  t o  t h e  s p e c i a l  case 
wherein the f r ee - s t r eam flow impinges d i r e c t l y  on a l l  p a r t s  of t he  con- 
cave su r faces .  This is  a n  e s p e c i a l l y  s t r o n g  r e s t r i c t i o n  f o r  hemispherical  
s u r f a c e s  s i n c e ,  f o r  t h i s  type of s u r f a c e ,  t h e  ang le  of a t t a c k  must be 
zero.  Sparrow [8]  i n  h i s  paper determined the l o c a l  and average h e a t  
t r a n s f e r  r a t e s  , the  a d i a b a t i c  w a l l  temperature,  and the  fo rces  exe r t ed  
on a concave c y l i n d r i c a l  s u r f a c e  i n  f r e e  molecule flow a t  a r b i t r a r y  
angles  of a t t a c k .  P r a t t  [9]  performed the same a n a l y s i s  as Chahine [ 7 ] ,  
ob ta in ing  s l i g h t l y  d i f f e r e n t  r e s u l t s .  He a l s o  r e s t r i c t e d  h i s  i n v e s t i g a -  
t i o n  f o r  hemispherical  s u r f a c e  t o  zero ang le  of a t t a c k .  The i n v e s t i g a -  
t i o n s  by Chahine [7] ,  Sparrow [ 8 ] ,  and P r a t t  [9]  a l l  assumed t h a t  t he  
s u r f a c e  was t r a v e l i n g  a t  h y p e r v e l o c i t i e s ,  thereby neg lec t ing  the molecular 
motion, and assumed t h a t  a l l  molecular r e f l e c t i o n s  were d i f f u s e .  
The a n a l y s i s  presented he re  is  f o r  the f o r c e  and h e a t  t r a n s f e r  proper-  
ties of concave’hemispherical  s u r f a c e  moving a t  h y p e r v e l o c i t i e s  i n  f r e e  
molecule flow including the e f f e c t s  of a n g l e  of a t t a c k  from zero t o  n i n e t y  
degrees .  P e r f e c t  thermal accommodation of molecules a t  the s u r f a c e  is  
assumed where the molecules a r e  d i f f u s e l y  r e f l e c t e d .  
111. FUNDAMENTAL CONCEPTS 
A .  Free Molecule Flow 
The f r e e  molecule flow regime may be def ined mathematical ly  
as the  gas region where the Knudsen number Kn = A/L 2 10 [ 3 ] .  
corresponds t o  a minimum a l t i t u d e  i n  the e a r t h ’ s  atmosphere of abou t  
75 mi l e s  f o r  a c h a r a c t e r i s t i c  l eng th  of one f o o t ,  based on t h e  U. S .  
Standard Atmosphere, 1962 [ l o ] .  This is a n  a r b i t r a r y  d e f i n i t i o n  and 
expressed by some as no t  complete f o r  d e f i n i n g  t h i s  f low regime [ 4 ] .  
This 
4 
The Knudsen number, however, has been accepted by most as the  
b e s t  c r i t e r i o n  t o  d a t e  f o r  e s t a b l i s h i n g  t h e  boundaries  of f r e e  molecule 
flow and is  def ined as the  r a t i o  of t he  mean f r e e  p a t h  of t he  molecules 
(A) and some c h a r a c t e r i s t i c  l e n g t h  (L). 
average d i s t a n c e  a molecule t r a v e l s  be fo re  c o l l i d i n g  w i t h  ano the r  
molecule. 
The mean f r e e  p a t h  is the 
B. Maxwell's Veloci ty  D i s t r i b u t i o n  
Because of the c h a r a c t e r  of f r e e  molecule flow the  methods 
normally used i n  d e s c r i b i n g  f l u i d  motion i n  a continuum cannot be 
app l i ed .  Thus, i n  t h i s  r eg ion  of extreme r a r e f a c t i o n ,  t he  molecular 
motion is  n e c e s s a r i l y  d'escribed s t a t i s t i c a l l y  because of the v a r i a t i o n  
of molecular  v e l o c i t i e s  i n  the  flow. From the  k i n e t i c  theory of 
gases  [1 ,2 ] ,  t he  number of molecules i n  a r e g i o n  of f r e e  molecule 
flow i s  a f u n c t i o n  n o t  only of the volume of t h e  r e g i o n ,  b u t  a l s o  of 
t he  v e l o c i t y  of each molecule i n  the region.  
of molecules is  thus expressed as 
This d i f f e r e n t i a l  number 
dN = f ( ~ , ~ , t )  dx3 dv3, (1) 
where the  f u n c t i o n  f (G,?, t) has the s a m e  c h a r a c t e r i s t i c s  as molecular 
d e n s i t y  except  i n  a six-dimensional phase space. 
gas r eg ion  of i n v e s t i g a t i o n  is homogeneous and s t e a d y ,  t h e  func t ion  
becomes independent of p o s i t i o n  and t i m e .  The d e r i v a t i o n  of the r e s u l t -  
ing f u n c t i o n  is  presented i n  many books on gas k i n e t i c s  such as those by 
Jeans [l] and Loeb [Z]. This funct ion i s  
By assuming t h a t  t h e  
and is  known as Maxwell's v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n  [l , 2 , 3 , 4 ] .  
A s  w i l l  be shown, t h i s  f u n c t i o n  is  h igh ly  u s e f u l  i n  determining the 
f o r c e  and h e a t  t r a n s f e r  p r o p e r t i e s  of s u r f a c e s  i n  f r e e  molecule flow. 
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C. Re f l ec t ion  and Accommodation C o e f f i c i e n t s  
S p e c i f i c a t i o n  of molecule-surface i n t e r a c t i o n s  is  necessa ry  t o  
determine the momentum and energy t r a n s f e r  t o  t h e  s u r f a c e .  
t h i s  can be done by simply knowing c e r t a i n  average parameters which 
c h a r a c t e r i z e  the  i n t e r a c t i o n  phenomena. These parameters a r e  the  w e l l  
known r e f l e c t i o n  and accommodation c o e f f i c i e n t s  [ 3 , 4 ] .  Two parameters 
a r e  used i n  d e f i n i n g  t h e  r e f l e c t i o n  process  t o  t ake  i n t o  account bo th  
the  t a n g e n t i a l  and normal f o r c e  components. These r e f l e c t i o n  c o e f f i c i e n t s  
a r e .  
For tuna te ly ,  
Ti - Tr 
'i 
u =  
Pi - Pr 
Pi - Pw 0' = - 
(3) 
( 4 )  
For a pu re ly  s p e c u l a r  r e f l e c t i o n  p rocess ,  u = u' = 0, while  f o r  a com- 
p l e t e l y  d i f f u s e  r e f l e c t i o n  p rocess ,  u = c' = 1. The thermal accommoda- 
t i o n  c o e f f i c i e n t  is def ined by 
dEi - dEr 
a =  dEi - dEw (5) 
and is used i n  d e f i n i n g  energy exchanges w i t h  t h e  s u r f a c e .  From t h i s  
d e f i n i t i o n ,  i t  i s  e a s i l y  seen  t h a t  f o r  p e r f e c t  thermal accommodation a t  
the  s u r f a c e ,  a = 1, while  f o r  the case of no energy exchange, a = 0. 
Experimentally determined va lues  of 6, u' and a f o r  v a r i o u s  t y p i c a l  
materials and a i r - s u r f a c e  combinations a re  a v a i l a b l e  [ 3 , 4 ] .  
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D. P re s su re  and Shear S t r e s s  Ca lcu la t ions  
The de te rmina t ion  of the p re s su re  and s h e a r  stress on a d i 5 -  
f e r e n t i a l  s u r f a c e  element (Figure 1) caused by the  i n c i d e n t  f r e e s  tream 
and r e f l e c t e d  molecules,  where t h e  macroscopic v e l o c i t y  i s  i n  the  xy-plane,  
can now be c a r r i e d  o u t  by consider ing the t i m e  r a t e  of change of momen- 
t u m  normal and p a r a l l e l  t o  t h e  s u r f a c e  element. By use  of equat ions(1)  
and (2), t he  p r e s s u r e  and shea r  s t r e s s  ‘caused by the  i n c i d e n t  f r e e s t r e a m  
a r e  obtained as fol lows:  
Pi = J J J m C2 f ( f )  d C  d C  d C  
X X Y Z  
-w  -w 0 
and 
w m m  
n n n  
T = J ,/ i X Y  Y m C C f(V) dCx dC dCZ 
-w  -w  0 
where 
q = S s i n  8 





c z = v .  z 
The l i m i t s  of i n t e g r a t i o n  inc lude  a l l  p o s s i b l e  magnitudes of the 
molecular  v e l o c i t i e s .  The lower l i m i t  of dC ,  is ze ro  s i n c e  no nega t ive  
v e l o c i t i e s  i n  the x - d i r e c t i o n  w i l l  s t r i k e  t h e  f r o n t  s i d e  of the s u r f a c e  
element. The f u n c t i o n  f ( f )  is g iven  by equa t ion  ( 2 ) .  The ang le  9 is 
t he  element angle  of a t t a c k .  The n e t  p re s su re  and s h e a r  s t r e s s  can be 
determined by using the  d e f i n i t i o n s  of the r e f l e c t i o n  c o e f f i c i e n t s ,  
equat ions (3) and ( 4 ) :  
= Pi + Pr = (2 - a ' )  Pi + a' Pw pf (8) 
where Pw is the p re s su re  exe r t ed  on the w a l l  due t o  molecules r e f l e c t -  
ing a t  t h e  wal l  temperature w i t h  no macroscopic v e l o c i t y  c o n t r i b u t i o n ,  
i . e . ,  S = 0 and T = Tw. With t h e  h e l p  of equat ions (1) and ( 6 ) ,  the  





= J J J C f ( v )  dCx dC dC dA Ni X Y =  
= e J={e-" +& 'q[l + erf(.rl)] -I dA. 
J m 
By combining equat ions ( 6 ) ,  (7), (8), (9) ,  (10) and ( l l) ,  the  n e t  p re s -  
s u r e  and s h e a r  s t r e s s  from the freestream i n c i d e n t  f l u x  of molecules on 
t h e  f r o n t  s i d e  of t h e  s u r f a c e  element dA (Figure l ) ,  inc lud ing  the  c o n t r i -  
b u t i o n  of r e f l e c t i n g  molecules,  become 
E .  Heat T rans fe r  Calculat ions 
The fundamental concepts of h e a t  t r a n s f e r  t o  a d i f f e r e n t i a l  
s u r f a c e  element i n  f r e e  molecule flow is c a r r i e d  o u t  i n  d e t a i l  by 
P a t t e r s o n  [ 3 ] ,  Schaaf and Chambre [ 4 ] ,  and Oppenheim [ 5 ] ,  where the  
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c o n t r i b u t i o n s  of energy imparted t o  the  s u r f a c e  a r e  the  t r a n s l a t i o n a l  
k i n e t i c  energy and i n t e r n a l  molecular energy. The *',tbtal k i n e t i c  energy 
caused by t r a n s l a t i o n a l  motion of molecules t h a t  s t r i k e  the  f r o n t  s ide  
of dA p e r  u n i t  time and per u n i t  a r e a  is  
r -  - 
dE = J J J $ mC2 f ( c )  Cx dCx d C  dCZ 
i , t  Y 
From the k i n e t i c  theory of gases  [1 ,2]  and .the p r i n c i p l e  of e q u i p a r t i t i o n  
of energy, the i n t e r n a l  energy per  molecule is jkT/2, where j is the 
i n t e r n a l  degrees of freedom. The f l u x  of i n t e r n a l  energy per u n i t  time 
and per  u n i t  a r e a  i s  given by 
kT dE = j - N  i, i 2 i' 
where 
j -  5 -  3Y 
Y - 1  
and Ni is defined by equat ion (11). 
accommodation c o e f f i c i e n t ,  equat ion (5), t h e  h e a t  t r a n s f e r  t o  t h e  
s u r f a c e  element becomes 
From the d e f i n i t i o n  of the 
qf = dEi - dEr = a(dEi - dEw), 
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where 
dEi = dEiYt + dEi,i  
and dEw is the energy t r a n s f e r  from t h e  s u r f a c e  caused by molecules 
r e f l e c t i n g  a t  t h e  w a l l  temperature wi th  no macroscopic v e l o c i t y  c o n t r i -  
bu t ion ,  i . e . ,  S = 0 and T = Tw. In spec t ion  of equat ions (11) and (14),  
wh i l e  consider ing the  c o n t r i b w i o n  of i n t e r n a l  energy, r e v e a l s  the 
equat ion 
mRTw Nw. - + 1  - dEw *(; - 1) 
I n s e r t i n g  equat ions (14),  (15), and 08) i n t o  equa t ion  (16) g ives  t h e  
h e a t  t r a n s f e r  t o  the s u r f a c e  element (Figure 1) caused 3y f r e e s t r e a m  
i n c i d e n t  and r e f l e c t e d  molecules on t h e  f r o n t  s i d e  of the s u r f a c e  p e r  
u n i t  time and per  u n i t  a r e a  
I V .  EFFECTS OF CONCAVITY 
To determine t h e  e f f e c t  of the concavi ty  of t h e  s u r f a c e ,  i t  is 
necessa ry  t o  r e p r e s e n t  t he  f r a c t i o n  of r e f l e c t i n g  molecules t h a t  re-impinge 
on the s u r f a c e  and the  e f f e c t  on the mass and energy t r a n s f e r  t o  t h e  s u r -  
f a c e .  This may be done by assuming a d i f f u s e  r e f l e c t i o n  process which 
is based on Lambert 's cosine l a w  of d i f f u s i o n  and is def ined simply as 
a cos ine  d i s t r i b u t i o n  of r a d i a t i o n  o r  mass f l u x  t o  a l l  d i r e c t i o n s  of 
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space 161. More p r e c i s e l y ,  from F igure  2, it can be seen t h a t  from the 
s u r f a c e  element dA,, mass is d i f f u s e l y  emit ted i n  the  d i r e c t i o n  OM pro- 
p o r t i o n a l  to  the cosine of t he  ang le  @ between OM and ON, t he  normal t o  
dAl. 
e i t h e r  d i f f u s e l y  o r  p a r t i a l l y  d i f f u s e l y ,  from p o r t i o n s  of t h e  s u r f a c e  and 
impinge on o the r  p a t s  of t h e  s u r f a c e ,  thereby c r e a t i n g  a d d i t i o n a l  con- 
t r i b u t i o n s  t o  the f o r c e s  and h e a t  t r a n s f e r  p r o p e r t i e s  of t h e  body. This, 
molecular  f r a c t i o n  of reimpinging molecules w i l l  be  r e f e r r e d  t o  through- 
o u t  t h i s  paper a s  t h e  a n g l e  f a c t o r .  The ang le  f a c t o r s  f o r  a concave 
hemispherical  s u r f a c e  a t  an  a r b i t r a r y  ang le  of a t t a c k  can be determined 
by consider ing two d i f f e r e n t i a l  s u r f a c e  elements as shown i n  Figure 3. 
Since the  d i f f u s e  interchange of t h e m $  r a d i a t i o n  a l s o  a p p l i e s  t o  t h e  
d i f f u s e  interchange of mass [6 ,8 ] ,  t h e  g e n e r a l  r e l a t i o n s h i p  f o r  t he  
a n g l e  f a c t o r  der ived by Jakob [6]  f o r  mass d i r e c t l y  i n c i d e n t  (normal) 
t o  t h e  s u r f a c e  element can be used 
For concave s u r f a c e s ,  a f r a c t i o n  of molecules r e f l e c t  o r  r eemi t ,  
dA,. g, cos gp 
Fa = s cos Kd 
A 2  
For concave hemispherical  s u r f a c e s ,  i t  can be e a s i l y  seen  from Figures  4 
and 5 that 
and 
dA2 = r2 s i n  p d p  dv2. 
Thus, f o r  one r e f l e c t i o n ,  
V 
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As may be shown from Figure 4,  vo = n - 2a. 
r e f l e c t i o n  can thus be expressed as 
The a n g l e  f a c t o r  f o r  one 
where the  s u r f a c e  ang le  of a t t a c k ,  a, is measured i n  r a d i a n s .  This q u a n t i t y  
r e p r e s e n t s  t h e  f r a c t i o n  of energy caused by i n c i d e n t  m o l e c d e s  from one r e f l e c -  
t i o n  t h a t  re-impinge on a d i f f e r e n t i a l  s u r f a c e  element a t  any p o i n t  on 
the  hemispherical  su r f ace .  
f a c t o r  becomes a f r a c t i o n  of t he  molecules t h a t  w a s  p rev ious ly  r e f l e c t e d .  
For a greater number of c o l l i s i o n s  the a n g l e  
.The gene ra l  expres s ion  f o r  t h e  angle  f a c t o r s  f o r  m u l t i - r e f l e c t i o n s  can thus 
be w r i t t e n  
where j = 1 , 2 , 3 ,  ... , r ep resen t ing  t.,e number of i n t e r r e f l e c t i o n s  (one 
l e s s  than t h e  number of c o l l i s i o n s ) .  
These ang le  f a c t o r s  def ined by equa t ion  (23) r e p r e s e n t  only t h e  
component of energy caused by molecules s t r i k i n g  normal t o  the s u r f a c e  
element. The t a n g e n t i a l  component is  not  given s i n c e ,  by d e f i n i t i o n  of 
d i f f u s e  emission, r e f l e c t i n g  molecules are d i s t r i b u t e d  equa l ly  and i n  
oppos i t e  d i r e c t i o n s ,  thereby cance l l i ng  any e f f e c t  they may have. 
V. ANALYSIS OF A CONCAVE HEMISPHERICAL SURFACE 
Based on t h e  fundamental concepts as presented i n  Sec t ion  111 and 
t h e  concavi ty  e f f e c t s  of Sec t ion  IV, the  f o r c e  and h e a t  t r a n s f e r  can 
b e  determined f o r  a concave hemispherical  s u r f a c e  at: an a r b i t r a r y  ang le  
of a t t a c k .  A completely d i f f u s e  r e f l e c t i o n  process  is assumed wi th  per-  
f e c t  thermal accommodation; thus,  u = u’ = 1, which i s  considered j u s t i -  
f i e d  by experimental  r e s u l t s  [41. 
1 3  
A .  Force Coef f i c i en t s  1 
The f o r c e  c o e f f i c i e n t s  can be determined by i n t e g r a t i n g  the  
p r e s s u r e  con t r ibu t ions  of a s u r f a c e  element over t he  hemispherical  s u r -  
f a c e .  This p r e s s u r e  includes t h a t  caused by t h e  f r e e s t r e a m  molecular 
f l u x  as def ined by equat ion (12) ,  p lus  c o n t r i b u t i o n s  of r e f l e c t i n g  
molecules.  For c l a r i t y ,  t he  p re s su re  d i s t r i b u t i o n  over t h e  s u r f a c e  can 
be d iv ided  i n t o  two regimes (see Figure 4 ) .  
i s  de f ined  by 0 I; v I; vo and is  termed as r eg ion  I, while  t he  area 
r e c e i v i n g  only r e f l e c t e d  molecules is def ined by vo 5 v 5 fl and is 
te&ed as r eg ion  11. 
e a s i l y  shown t o  be a t  t he  ang le  
The a r e a  of d i r e c t  incidence 
The d i v i d i n g  l i n e  is a s e m i - c i r c l e  and can be 
vo = fl - 2a, (24) 
where the  s u r f a c e  ang le  of a t t a c k ,  a, a p p e a r s  only i n  t h e  xy-plane as 
shown i n  Figure 1. 
s u r f a c e  is  axisymmetric. 
w r i t t e n  as 
No g e n e r a l i t y  is  l o s t  i n  t h i s  assumption s i n c e  the  
The p r e s s u r e  a t  any p o i n t  i n  r e g i o n  I can be 
-- 
P I  = Pf + 2 ($ - :) Pr 1 ( 1 / 2 ) + l Y  
j=l  
where P t  = Pw, s i n c e  CJ' = 1. 
It can be shown t h a t  t he  i n f i n i t e  series i n  equa t ion  (25) converges,  and 
t h a t  t h e  sum of the series converges t o  
The v a l u e  of Pw is de f ined  by equat ion (10). 
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Equation (25) can thus be w r i t t e n  as 
where Ni and P 
S i m i l a r l y ,  t h e  p r e s s u r e  a t  any po in t  i n  r eg ion  I1 can be determined t o  
be the same as equa t ion  (26) minus the  f r e e s t r e a m  c o n t r i b u t i o n .  The 
p res su re  on the  s u r f a c e  i n  r eg ion  I1 can thus be w r i t t e n  
are de f ined  by equat ions (11) and (12), r e s p e c t i v e l y .  f 
The d i f f e r e n t i a l  f o r c e  on t h e  s u r f a c e  i n  t h e  d i r e c t i o n  of flow measured 
by t h e  ang le  of a t t a c k  a can now be determined. 
f a c i l i t a t e d  by r e f e r e n c e  t o  Figure 4. 
bu t ions  of bo th  p r e s s u r e  and shea r  stresses p lus  t h e  shading e f f e c t  due 
t o  ang le  of a t t a c k .  
The d e r i v a t i o n  is  
This f o r c e  inc ludes  the c o n t r i -  
dD = (PI s i n  8 dAI - T~ cos 8 dA 1 + PII s i n  8 dArI) s i n  p (28) 
where PI and Tf are  de f ined  by equations (26) and (13) ,  r e s p e c t i v e l y ,  
and where PII is def ined by equat ion (27) .  Also r equ i r ed  are  t h e  d i f -  
f e r e n t i a l  s u r f a c e  areas, which a r e  shown t o  be 
dAI = dAII = r2dp s i n  p dv. 
The element a n g l e  of a t t a c k  is defined as 8 = 3-t - a - v. The t o t a l  drag,  
o r  f o r c e ,  i n  t h e  d i r e c t i o n  of flow can be determined b y . i n t e g r a t i n g  equa- 
t i o n  (28) over  t h e  hemispherical  s u r f a c e .  
15 
0 0  
- jy:f cos 0 r2 s i n 2  ,9 dvdp 
0 0  
X ' I I  
s i n  8 r 2 s i n 2  0 d d p  
+ ss pII 
O vo 
As previously def ined the va lues  of P f ,  Ni, -cf and PII a r e  shown t o  be 
a f u n c t i o n  of the element ang le  of a t t a c k ,  6. The a p p r o p r i a t e  s u b s t i t u -  
t i o n  i n t o  equation (30) can thus be made f o r  v ,  changing the  l i m i t s  of 
i n t e g r a t i o n .  Furthermore, by i n s e r t i n g  equat ions (ll), (12) ,  (13), and 
(27)  i n t o  the above equat ion,  where 0' = 0 = 1, the  drag equat ion becomes 
lr-o! n-a _. 
pRTsrr2 1 f ( 6 )  cos20 de 




h(e)  = 11 + e r f ( S  s i n  e)]  [!j + S2 sin'e + sin vz7F] ( 3 3 )  
S i m i l a r l y ,  t he  l i f t ,  o r  f o r c e  normal t o  t h e  d i r e c t i o n  of flow can be 
determined. U t i l i z i n g  Figure 4 ,  the d i f f e r e n t i a l  l i f t  can be determined 
as 
cos e dA ) s i n p  I + pII I1 dL = e, COS e dA + T~ s i n  0 dA I ( 3 5 )  
where PI, -rf, and PII r e t a i n  t h e  same d e f i n i t i o n s .  
can be app l i ed  for  t h e  l i f t  as was app l i ed  f o r  the drag,  y i e l d i n g  t h e  
f o l  lowing equa t ion  
,A s i m i l a r  analogue 
0 0  
COS 8 r2si .n2 p dvdp. 
+ J J pII 
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By making the same s u b s t i t u t i o n s  as was p rev ious ly  done f o r  t he  drag equa- 
t i o n  t h e  r e s u l t i n g  l i f t  equat ion becomes 
31-a . 
E 2  J f(e] s i n  8 COS 0 d e  
2 
L =  pRTm2 J a  [g(e)  + h ( e ) ]  cos e d e  - 
2 - a a 
- a  
The f o r c e  c o e f f i c i e n t s  CD and CL f o r  the hemisphere can thus be w r i t t e n  
31-a 
- D - -  I [g(e) + h ( e ) l  s i n ' 8  d e  
- 2 s 2  1 





B. Heat Transfer  Coef f i c i en t s  
The h e a t  t r a n s f e r  p r o p e r t i e s  considered h e r e  f o r  t h e  concave 
hemispherical  s u r f a c e  is based on the gene ra l  theory of f r ees t r eam con- 
v e c t i v e  h e a t  t r a n s f e r  i n  f r e e  molecule flow presented i n  the paper by 
Oppenheim [ 6 ] ,  p lus  the  con t r ibu t ions  due t o  r e f l e c t e d  molecules.  The 
h e a t  t r a n s f e r  t o  a d i f f e r e n t i a l  s u r f a c e  element due t o  the i n c i d e n t  f l u x  
is def ined by equat ion (19) .  The hea t  t r a n s f e r  due t o  r e f l e c t e d  molecules 
is determined by using t h e  ang le  f a c t o r s  of Sec t ion ’  IV where the energy 
impinging on a d i f f e r e n t i a l  element i s  equal  t o  molecular energy emit ted 
from the r e s t  of the s u r f a c e  times t h e  a p p r o p r i a t e  ang le  f a c t o r .  For 
example, i f  dEr leaves element dA,, then t h e  i n c i d e n t  amount t h a t  is 
t r a n s f e r r e d  t o  dA, is  FadEr. 
i n c i d e n t  f r ees t r eam and r e f l e c t e d  molecules is  de f ined  by equat ion (16) 
and may be r e w r i t t e n  h e r e  as 
The i n i t i a l  h e a t  t r a n s f e r  caused by the  
qf = dEi - dE = a[dEi - d E w l .  r 
The c o n t r i b u t i o n  of h e a t  t r a n s f e r  t o  the  s u r f a c e  by the molecules i n c i d e n t  
a f t e r  one c o l l i s i o n  may be expressed as 
Successive c o n t r i b u t i o n s  of t he  heat  t r a n s f e r  f o r  m u l t i - c o l l i s i o n s  
g r e a t e r  t han  one are 
1 9  
where j = 2 ,3 ,4 ,  ..., jo,  and r e p r e s e n t s  t he  number of i n t e r r e f l e c t i o n s .  
The s u p e r s c r i p t  numbers a r e  used t o  de f ine  the  energy c a r r i e d  away by 
t h e  molecules caused by the j th  i n t e r r e f l e c t i o n .  
h e a t  t r a n s f e r  t o  a d i f f e r e n t i a l  s u r f a c e  element caused by an  i n f i n i t e  
number of i n t e r r e f l e c t i o n s ,  o r  'a f i n i t e  number t h a t  f u l l y  r e p r e s e n t  t he  
e f f e c t s  of concavi ty  as a f u n c t i o n  of d E i  and dEw. 
number of i n t e r r e f l e c t i o n s ,  t h e  r e s u l t i n g  simultaneous equat ions can be 
so lved ,  producing the h e a t  t r a n s f e r  equat ion f o r  t he  i n c i d e n t  and each 
i n t e r r e f l e c t e d  f l u x  of molecules.  A summation of t hese  c o n t r i b u t i o n s  
produce the t o t a l  h e a t  t r a n s f e r  t o  the  s u r f a c e  element,  and may be expressed 
as 
Desired is  the t o t a l  
By assuming a f i n i t e  
where q is de f ined  by equa t ion  (19) ,  and q1 is obtained from equa t ions  f 
(16) and ( 4 3 ) .  
The a d d i t i o n a l  c o n t r i b u t i o n s  of the h e a t  t r a n s f e r  f o r  i n t e g e r  va lues  
of j _r 2 is  s i m i l a r l y  obtained and may be w r i t t e n  
= q f ( l  - a ) j  ( 1 / 2 ) + l  ( .  - :) 
q j  
where j = 2,  3, 4 ,  ..., jo. 
s u r f a c e  element i n  region I is obtained by i n s e r t i n g  equat ions ( 4 3 )  and 
( 4 4 )  i n t o  equation ( 4 2 )  
The t o t a l  h e a t  t r a n s f e r  t o  a d i f f e r e n t i a l  
20 
The hea t  t r a n s f e r  t o  a d i f f e r e n t i a l  s u r f a c e  element i n  reg ion  I1 is 
obta ined  s i m i l a r l y  by excluding the f r e e s  tream c o n t r i b u t i o n .  
The average h e a t  t r a n s f e r  t o  
equat ions  (45)  and ( 4 6 )  over  
the  s u r f a c e  is  thus obtained by i n t e g r a t i n g  
the s u r f a c e  
I 
dAII’ (47) 
Values of  the  acconwodat on c o e f f i c  e n t  determined exper imenta l ly  f o r  a i r  
on va r ious  s u r f a c e s  are  shown t o  be between 0.88 and 0.94 [ 4 ] .  It is 
t h e r e f o r e  considered j u s t i f i e d  to  assume t h a t  a = 1. For t h i s  assumption,  
t h e  average heat t r a n s f e r  equat ion reduces t o  
= r q f  dAI 
A d  
I 
where A is  the  s u r f a c e  area,  and qf i s  def ined  by equat ion  ( 1 9 ) .  
i n s e r t i n g  t h e s e  r e l a t i o n s h i p s  i n t o  equat ion  (48)  , the  average h e a t  
t r a n s f e r  equat ion  becomes 
By 




where y is the r a t i o  of s p e c i f i c  h e a t s  and a f u n c t i o n  of the type of 
gas ( f o r  a i r ,  y = 7 / 5 ) ,  and f ( e )  i s  de f ined  by equat ion ( 3 4 ) .  For con- 
ven ience )  equation (49) may be made dimensionless by d i v i d i n g  by 
P ( ~ R T ) ~ / ~ .  
then be w r i t t e n  
The f i r s t  equat ion f o r  the h e a t  t r a n s f e r  c o e f f i c i e n t  may 
a 
-s2s in20 +w e de.  
a 
VI. CONCLUSIONS 
The a n a l y s i s  performed h e r e  can be used t o  determine the  aerodynamic 
f o r c e s  and average h e a t  t r a n s f e r  t o  a concave hemispherical  s u r f a c e  i n  
f r e e  molecule flow. The r e s u l t i n g  e q u a t i o n s )  a l though n o t  i n  c losed 
form, can be in t eg ra t ed  numerical ly  using s t anda rd  computer techniques.  
A s  shown i n  the a n a l y s i s ,  the drag and l i f t  c o e f f i c i e n t s  a r e  good f o r  
a n  i n f i n i t e  number of c o l l i s i o n s  where the average h e a t  t r a n s f e r  equa- 
t i o n  is  independent of t he  number of i n t e r r e f l e c t i o n s .  
2 2  
The r e s u l t i n g  equat ions a r e  general  i n  t h a t  they a r e  a f u n c t i o n  
of s u r f a c e  v e l o c i t y ,  ambient and w a l l  temperatures ,  type of -gas ,  and 
a n g l e  of a t t a c k .  The equations a r e  l i m i t e d  t o  high molecular speed 
r a t i o s  where molecules impinge only on the  concave s u r f a c e .  
The d rag ,  l i f t ,  and h e a t  t r a n s f e r  c o e f f i c i e n t s  have been obtained 
by s o l v i n g  the r e s u l t i n g  equat ions numerical ly  f o r  some t y p i c a l  va lues  
of the molecular speed r a t i o  and surface- to-ambient- temperature  r a t i o  
and p l o t t e d  as a f u n c t i o n  of ang le  of a t t a c k  ( f i g u r e s  6 through 1 4 ) .  
A s  shown, t h e  average h e a t  t r a n s f e r  c o e f f i c i e n t  is independent of t he  
concavi ty .  Maximum values  of t he  h e a t  t r a n s f e r  and drag occur a t  zero 
a n g l e  of a t t a c k ,  decreasing wi th  inc reas ing  ang le  of a t t a c k  t o  va lues  
of zero a t  n i n e t y  degrees ang le  of a t t a c k .  By comparison, the drag f o r  
t he  concave hemisphere is  shown t o  be s l i g h t l y  h ighe r  (about one per  
cen t )  than the drag f o r  a convex hemisphere. The t o t a l  l i f t  is  shown 
t o  b e  very s m a l l  and would be zero except  f o r  i n t e r r e f l e c t e d  molecules.  
23 
Figure 1 - Cartesian Coordinates of a Differential 
Surface Element 
24 
Figure 2 - Illustration of Lambert's Cosine Law 
of Diffusion 
Figure 3 - Diffuse hrission Between Two Surface Elements 
of Arbitrary Orlentation 
25 
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